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Abstract. In this paper, a new lemma is proved and inequalities of Simpson 
type are established for co-ordinated convex functions and bounded functions. 



1. INTRODUCTION 
The following inequality is well-known in the literature as Simpson's inequality: 

Theorem 1. Let f : [a, b] — >WL be a four times continuously differentiable mapping 
on [a,b] and ||/^ 4 '|| = sup |/^ 4 ' (x)\ < oo. Then the folllowing inequality holds: 
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For recent results on Simpson's type inequalities see the papers |12j . 

na, nsi, mi, m ^ m- 

In [11) . Dragomir defined co-ordinated convexity and proved the following in- 
equalities: 

Let us consider the bidimensional interval A = [a, b] x [c, d] in K 2 with a < b and 
c < d. A function / : A — » R will be called convex on the co-ordinates if the partial 
mappings 



and 



fy ■ [a, b] 



fx ■ [c, d] 



fy («) = / («, v) 



fx («) = / (x, v) 



arc convex where defined for all y 6 [c, d] and x G [a, 6] . 

Recall that the mapping / : A — > K. is convex on A, if the following inequality; 

/ (Xx + (1 - A) z, Xy + (1 - A) w) < Xf (x, y) + (1 - A) / (z, w) 

holds for all (x, y) , (z, w) £ A and A £ [0, 1] . 
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Theorem 2. Suppose that f : A = [a, b] x [c, d] — »■ K is convex on the co-ordinates 
on A. Then one has the inequalities; 



(1.1) 



< 



< 



/ 



a + b c + d 
2 ' 2 



(6 - a) (d - c) J a 



b r d 



f {x, y) dydx 



f(a,c) + f(b,c)+f(a,d) + f(b,d) 



The above inequalities are sharp. 

Recently, several papers have been written on co-ordinated convexity. In [5], 
Hwang et al. gave a refinement of Hadamard's inequality on the co-ordinates and 
they proved some inequalities for co-ordinated convex functions. In [5], [B] and 
[7J, Alomari and Darus proved inequalities for co-ordinated s— convex functions. 
In pQ, Akdemir and Ozdcmir gave definition of co-ordinated P— convex functions 
and Godunova-Levin functions and proved some inequalities. In [2], Latif and 
Alomari defined co-ordinated h— convex functions and established some inequalities 
for co-ordinated h— convex functions. In 3 , Latif and Alomari proved inequalities 
involving product of convex functions on the co-ordinates. In [9 , Ozdemir et al. 
defined co-ordinated m— convexity and (a, m) —convexity and gave inequalities. In 
[10) . Sarikaya et al. proved a new lemma and established some inequalities on co- 
ordinated convex functions. In [4 ], Bakula and Pecaric gave several Jensen-type 
inequalities for co-ordinated convex functions. 

In this paper, we give a Simpson- type inequality for co-ordinated convex func- 
tions on the basis of the following lemma. 



2. MAIN RESULTS 
To prove our main result, we need the following lemma. 

Lemma 1. Let f : A C IR 2 — > K be a partial differentiable mapping on A 
[a, b] x [c, d] . If G L (A) , then the following equality holds: 

f (a, £M) + / (6, 9±d) + 4/ (n±k, £±i) + / (a±i )C ) + / (a±k, d ) 



(2.1) 



9 

f(a,c) + f(b,c) + f(a,d) + f(b,d) 
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i> r 



6 (P - a) J a 
1 

6(d-c) 
1 

(b - a) (d - c) J a 



36 

f(x,c)+4f[x 



c + d 



+ f(x,d) 



f(a,y)+4f(^,y)+f(b,y) 



dx 



dy 



b r d 



f (x, y) dydx 



(b -a)(d- c) 



Q2J 



JO 



P {x, t) q {y, s) ——- (ta + (1 - t) b, sc + (1 - s) d) dtds 
otos 
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where 



p(x,t) 



t- 



and 



(— §) 



se [o,|] 
se(±,i] 



Proof. Integrating by parts, we can write 



J j p(x,t)q(y,s)-^-(ta + (l-t)b,sc+(l-s)d)dtds 

[ q{y,s) 

Jo 



i:h) 

5\ d 2 f 



(ta+(l - t) b, sc+ (1 - s)d) dt 



6 J dtds 



dtds 

(ta + (1 - t) b, sc + (1 - s) d) eft 



By integrating the right hand side of equality, we get 



q(y,s) 



1 

t - - 



1 \ df 

1 ^- (to + (1 - t) b, sc + (1 - s) d) 



6/ \a—b J ds 



1 



5/ 



a — b J ds 



(ta + (1 - t) 6, sc + (1 - s) d) dt 



+ 



5 

t - - 



1 A df 



6 J \a — b J ds 



-J-(ta+{l-t) b, sc+(l-s)d) 



~^~b /i %( ta +( 1 - t ) b > s c+(l-s)d)dt\j 



ds 
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'-a { 3/ ( S &) Os 
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3 A 



1\ df / a + b , , 

- — , sc + (1 — s) a I as 



5\ df fa + b . \ , 

s --j^_ sc+ (l- s )djds 

4{ (-i)g(^+d-)d)* 

+ / / s_ c -^-(ta + (l-i)&,sc+(l-s)d)dsd* 
Jo Jo \ 6 J os 

s - - (ia + (1 - t) 6, sc + (1 - s) d) dsdt 







6/ 9s 



i/ 2 ( s 4)S (a ' sc+(1 - s)rf)rfs 
ij( (-0S (a ' sc+(1 - s)d)ds 

1 /"V 5\8f fa + b . n . \ 



3 ./ 1 V 6 J ds 

l\ df 



s (ta + (1 - t) &, sc + (1 - s) d) dsdt 

6 / as 

+ ^ ^ ( s _ I) §7 ^ a + ^ ~ *) 6 ' sc + ^ ~ s ) ^ rfsrfi | • 

Computing these integrals and using the change of the variable x = ta+(l — t) b and 



y = sc+(l — s)d for (t, s) 6 [0, l] 2 , then multiplying both sides with (6 — a) (d — c) , 
we get the desired result. □ 

Theorem 3. Let f : A C R 2 — > M be a partial differ entiable mapping on A = 
[a, b] x [c, d] . If is a convex function on the co-ordinates on A, then the following 
inequality holds: 

f («> *¥) + f (&. ^) + 4/ ^) + / c ) + / d) 



+ 



9 

f(a,c) + f(b,c) + f(a,d) + f(b,d) ' '■' '"' 



36 

25 (6 - a) (d - c) 



+71 — vn — \ f f f ( x > y) d y dx ~ A 

(b - a) (d - c) 7 a 7 C 



< 

72 



ON THE SIMPSON'S INEQUALITY 



where 



1 



6 (6 - a) J a 



f(x,c)+4f(x 



c + d 



+ f(x,d) 



+ 



6(d 



L_ jf " [/ ( a , y) + 4/ (i±* , ^ + / (6, y) 



dx 
dy. 



Proof. By using Lemma 1, we can write 



+ 



/( a ,c)+/(fe,c) + /(o,d) + /(b,d) 
36 



+ ?! — 777^ — t f f f ( x > y) d y dx - A 
(b - o) (d - c) y a y c 



< (6-a)(d-c) / / |p(z.*)9(y.*)l 
Jo Jo 



d 2 f 



dtds 



(ta + (l-t)b,sc+(l-s)d) 



dtds. 



Since / : A — > R is co-ordinated convex on A, we get 

/ (a, £±4) + / (b, £±^) + 4/ (2±t, £±4) + / (2±», c) + / (2±», d) 



+ 



/( a ,c)+/(6,c) + /(a,d) + /(b,d) 
36 



+ (b-aUd-c)IJ c f ^ dydX - A 



< (b-a)(d-c) \q(y,s 
Ja 

d 2 f 



+ (1-*) 



<9i<9s 



/ KM) 

vo 

(6, sc+ (1 - s)d) 



dt. 



t 

ds. 



d 2 f 



dtds 



(a, sc + (1 — s) d) 



Computing the integral in the right hand side of above inequality, we have 



d 2 f 



5 \ 



tUt 



dtds 
d 2 f 



t--\<t 



dtds 
d 2 f 
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tUt 
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(a, sc + (1 — s) d) 
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dtds 



(a, sc + (1 — s) d) 



+ (!-*) 
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+ (1-0 



9 2 / 
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a 2 / 
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(6, sc+ (1 - s)d) 



dt 
di 



dtds 
d 2 f 



dtds 
d 2 f 



dtds 



dt 
dt 
dt 



+ 



d 2 f 

dtds 



(b, sc+ (1 - s)d) 
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We obtain 



(2.2) 



/ (a, £±4) + / (6, £±*) + 4/ (s±*, (*±*,c) + / (2±*,d) 



+ 



9 



/(a,c) + /(&,c) + /(M)+/(M) 



1 



36 
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(6 - a) (d - c) 7 Q 

5 (6 - a) (d - c) 
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x / |g («,*)! 



9 2 / 



/ (a, y) dydx - A 



(a, sc + (1 — s) d) 



d 2 f 



dtds 



{b, sc+ (1 - s)d) 



ds 



By a similar argument for the above integral, we have 
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d 2 f 



dtds 
d 2 f 



(a, sc + (1 — s) d) 



a 2 / 



dtds 



dtds 
d 2 f 
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dtds 
d 2 f 
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(6,c) 



+ (!-*) 

+ (l-.s) 



5 2 / 



dtds 
d 2 f 



oio* 



L (a,d) 



+ 0--S) 
+ (!-«) 
+ (!-*) 
+ (!-«) 
+ (!-*) 
+ (!-*) 



<9i<9s 

a 2 / 



<%<9s 

5 2 / 



<9i<9s 
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If we use (|2.3I) in (|2.2[) . we get the required result. 



□ 



Theorem 4. Let f : A C M 2 — > M 6e a partial differentiable mapping on A = 
[a, 6] x [c, d] . If is bounded, i.e., 



d 2 f 



dtds 



(ta + (l - t)6,sc+ (1 - s)d) 



= sup 

oo (x,y)£(a,b)x(c 



d 2 f 



dtds 



(ta + (1 - t)b, sc+ (1 - s)d) 



< oo 
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for all (t, s) € [0, l] 2 . Then the following inequality holds: 

f (a, (6, £J») + 4/ ^) + / (2^,c) + / (*±M) 



f(a,c) + f(b,c)+f(a,d) + f(b,d) 



1 



36 

rfc ,-d 



< 



(6 - a) (d - c) 7 Q 
25 (6 - a) (d - c) 9 2 / 



/ (x, y) dydx - A 



1296 



dtds 



(ta + (1 - t)b,sc + (1 - s)d) 



Proof. From Lemma 1 and using the property of modulus, we have 

/ (a, + / (6, + 4/ (s±6 , + / (s±*, c) + / d) 



+ 



f(a,c)+f(b,c) + f(a,d)+f(b,d) 



1 



6 /.d 



36 



(6 - a) (d - c) 7 a 



/ (x, y) dydx - A 



l /•! 



< (6 - a) (d - c) 



'o Jo 

Since JU£ is bounded, we have 



d 2 f 



dtds 



(ta+(l-t)b,sc+(l-s)d) 



dtds. 



f (a, £±^) + / (6, £±4) + 4/ (2±fe, £±S) + / (2±», c) + / (^, d) 



(2.4) 



f(a,c) + f(b,c) + f(a,d) + f(b,d) 



36 



{b - a) (d 
< (6 - a) (d - c) 
9 2 / 



dtds 

By a simple calculation 



(ta + (1-*) 6,sc+ (1 - s)d) 



|_p (x, i) g (y, s)| dids. 



o Jo 



i /.i 



(2.5) 

/o Jo 

If we use (1231) in (l2~4l). we have 



b {x,t) q(y,s)\dtds 



25 
1296' 



/ (a, (6, ^) + 4/ (2^, £±4) + / c) + / (^,d) 



+ 



f(a,c) + f(b,c) + f( a) d) + f(b,d) 



1 



6 rd 



< 



25 (b - a) (d - c) 
1296 

This completes the proof. 



36 
d 2 f 



- a) (d - c) y a 



<9i<9s 



(ta+(l-t)&,sc+(l-s)d) 



/ (x, y) dydx - A 



□ 



m. emin ozdemir*, ahmet ocak akdemir*'*, havva kavurmaci* , and merve avci* 
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